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Abstract
We express the action of six-dimensional supergravity in terms of four-dimensional
N = 1 superfields, focusing on the moduli dependence of the action. The gauge
invariance of the action in the tensor-vector sector is realized in a quite nontrivial
manner, and it determines the moduli dependence of the action. The resultant moduli
dependence is intricate, especially on the shape modulus. Our result is reduced to
the known superfield actions of six-dimensional global SUSY theories and of five-
dimensional supergravity by replacing the moduli superfields with their background
values and by performing the dimensional reduction, respectively.
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1 Introduction
Higher dimensional supergravity (SUGRA) theories provide interesting setups for super-
symmetric (SUSY) models with extra dimensions, and are also regarded as effective the-
ories of the superstring theory in some cases. For the purpose of analyzing SUSY extra-
dimensional models, the N = 1 superfield description of the action is quite useful [1]-[10].1
It makes the derivation of four-dimensional (4D) effective theories transparent since the
Kaluza-Klein mode expansion can be performed keeping the N = 1 superspace structure.
It also expresses the SUGRA action compactly, and allows us to work in general setups.
In the global SUSY case, the N = 1 superfield description of SUSY Yang-Mills theories
from five to ten dimensions are provided in Ref. [2]. However, we have to work in the
context of SUGRA in order to treat the moduli, which are dynamical degrees of freedom
corresponding to the “volume” or the “shape” of the compactified internal space. Such
moduli often play important roles when we construct phenomenologically viable models.
We also need to discuss the stabilization of the moduli to some finite values to obtain
consistent extra-dimensional models.
Five-dimensional (5D) SUGRA provides the simplest setup for SUSY extra-dimensional
models. The general action can be obtained by the superconformal formulation [11]-[18].
Based on this formulation, 5D SUGRA action with arbitrary numbers of hyper and vector
multiplets has been expressed in terms of N = 1 superfields [7, 8]. We have derived 4D
effective theories of various 5D SUGRA models, and discussed their phenomenology [19]-
[24].
The next simplest case is six-dimensional (6D) SUGRA [25, 26]. This has the smallest
even extra-dimensions, and we can introduce magnetic flux that penetrates the compact
space as a background. The shape modulus newly appears in addition to the volume
modulus. These ingredients widen the possibility of model-building. Besides, we can also
consider 6D SUGRA as a toy model of ten-dimensional superstring theories. With these
reasons, 6D SUGRA is intriguing subject to investigate. As mentioned above, the N = 1
superfield description is useful to discuss it, as was provided in Ref. [2] in the global SUSY
case. However, 6D action in Ref. [2] cannot be promoted to SUGRA straightforwardly. As
discussed in Refs. [27, 28], the off-shell description of 6D SUGRA necessarily contains a
tensor multiplet, which was not introduced in Ref. [2]. It contains a self-dual antisymmetric
1 “N = 1” denotes SUSY with four supercharges in this paper.
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tensor B+MN (M,N = 0, 1, · · · , 5), and the 6D superconformal Weyl multiplet contains an
anti-self-dual tensor T−MNL. In general, the (anti-)self-dual condition is an obstacle to the
Lagrangian formulation, similar to that for type IIB SUGRA. Fortunately, we can evade
this difficulty in 6D SUGRA. By combining T−MNL with the field strength F
+
MNL ≡ ∂[MB+NL],
we can define a new Weyl multiplet 2 that contains an unconstrained tensor BMN . This
new tensor field couples to the vector multiplets [27, 28]. Therefore we need to know how
the tensor and the vector multiplets couple to each other in the N = 1 superfield language.
In our previous work [30], we derived the N = 1 superfield description of the tensor-
vector couplings in 6D global SUSY theories, which is derived from the invariant action [29]
in the projective superspace [31, 32, 33]. In this case, the tensor multiplet must be treated
as external fields because we do not have the Weyl multiplet that contains T−MNL, and
only have the constrained one B+MN . In this paper, we extend our result in Ref. [30] to
SUGRA. Since Ref. [29] provides the projective superspace formulation of 6D SUGRA,
we can in principle obtain its N = 1 superfield description by integrating out half of
the Grassmannian coordinates, as we did in the global SUSY case [30]. However, the
procedure is not so straightforward as that in the global SUSY case because we need to
separately treat the 4D part and the extra-dimensional part of the gravity sector that has a
complicated structure in the projective superspace. Hence we adopt another strategy. We
first identify the moduli superfields that originate from the extra-dimensional components
of the 6D Weyl multiplet. Then, we insert them into the action in the global SUSY case
under the following requirements.
1. The action is reduced to the global SUSY one if the moduli superfields are replaced
with their background values.
2. It is consistent with the component field expression of the action.
3. It is invariant under the supergauge transformations.
The superfield action is uniquely determined by these requirements. As a nontrivial check,
we show that our result reproduces the known superfield action of 5D SUGRA obtained in
Refs. [7, 8] after the dimensional reduction.
The paper is organized as follows. In the next section, we give a brief review of the
superfield description of 6D global SUSY theories. In Sec. 3, we promote it to the local
2 This is called the “Weyl 2 multiplet” in Ref. [28], and the “type-II Weyl multiplet” in Ref. [29].
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SUSY case, and identify the desired superfield action of 6D SUGRA. In Sec. 4, we explicitly
show the gauge invariance of our result and the consistency with the known 5D SUGRA
action through the dimensional reduction. Sec. 5 is devoted to the summary. We also
collect some formulae and their derivation in the appendices.
2 6D Global SUSY theory
Throughout the paper, we take the metric convention as ηMN = diag(−1, 1, 1, 1, 1, 1), and
follow the notation of Ref. [34] for the 2-component spinors.
2.1 Invariant action
We consider 6D (1,0) SUSY theories. The spacetime coordinates xM (M = 0, 1, · · · , 5)
are decomposed into the 4D ones xµ (µ = 0, 1, 2, 3) and the extra dimensional ones xm
(m = 4, 5). Before discussing 6D SUGRA, let us begin with its global SUSY limit. In
this case, it is convenient to use the complex coordinates z ≡ s
2
(x4 − ix5) (s ≡ e−pi4 i)
and its complex conjugate z¯,3 instead of xm. Originally, the N = 1 description of the
action is provided in Ref. [2]. For simplicity, we will consider Abelian gauge theories.
The field content consists of hypermultiplets HA (A = 1, 2, · · · ) and vector multiplets VI
(I = 1, 2, · · · ). They are decomposed into N = 1 superfields as
H
A = (H2A−1, H2A), VI = (V I ,ΣI), (2.1)
where V I is an N = 1 real vector superfield, while the others are chiral superfields. By
using these N = 1 superfields, we can construct 6D global SUSY action as [2]
Sglobal =
∫
d6x (LV + LH) ,
LV ≡
{∫
d2θ
fIJ
2
WIWJ + h.c.
}
+
∫
d4θ fIJ
{
4(∂¯V I − Σ¯I)(∂V J − ΣJ )− 2∂¯V I∂V J} ,
LH ≡
∫
d4θ 2
{
(H†odde
VHodd +H
†
evene
−VHeven
}
−
[∫
d2θ
{
H todd (∂ − Σ)Heven −H teven (∂ + Σ)Hodd
}
+ h.c.
]
, (2.2)
3 The definition of z is different from that of Ref. [30]. As we will see in the next section, this choice is
convenient for the promotion to SUGRA.
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where ∂ ≡ ∂z = s¯(∂4 + i∂5) = s−1∂4 − s∂5, and Hodd and Heven are column vectors that
consist of H2A−1 and H2A, respectively. The contracted indices I and J are understood as
being summed, and
WIα ≡ −
1
4
D¯2DαV
I (2.3)
is the gauge-invariant field strength superfield. The coefficients fIJ are real constants and
fIJ = fJI . The superfields without the indices V and Σ are defined as
V ≡ tIV I , Σ ≡ tIΣI , (2.4)
where tI (I = 1, 2, · · · ) are generators for the corresponding Abelian gauge groups. The
Lagrangian (2.2) is invariant under the following (super)gauge transformation.
V I → V I + ΛI + Λ¯I , ΣI → ΣI + ∂ΛI ,
Hodd → e−ΛHodd, Heven → eΛHeven, (2.5)
where the transformation parameter ΛI is a chiral superfield.
Unfortunately, (2.2) cannot be promoted to SUGRA straightforwardly. As mentioned
in the introduction, a tensor multiplet T = {B+MN , · · · } is necessary to describe 6D SUGRA.
Thus we need to extend (2.2) including T in order to promote the action to the SUGRA
one. This extension was provided in our previous work [30], which is directly derived
from the invariant action in the 6D projective superspace [29]. We have to note that the
tensor multiplet T cannot be off-shell in the global SUSY case [35]. We found that it is
expressed by two N = 1 superfields, i.e., a real linear superfield ΦT and a chiral spinor
superfield WTα, which are subject to the constraints:
DαWTα = −2∂¯ΦT ,
D¯2DαΦT = −4∂WTα. (2.6)
From these relations, we obtain(
4 + ∂∂¯
)
ΦT =
(
4 + ∂∂¯
)WTα = 0, (2.7)
where 4 ≡ ηµν∂µ∂ν . We have used that PTΦT = ΦT and D¯2D2WTα = 164WTα, where
PT ≡ −D¯α˙D2D¯α˙/(84). Namely, ΦT and WTα are on-shell, and thus should be treated as
external superfields. Using these superfields, LV in (2.2) is extended to
LVT = −
[∫
d2θ fIJ
{
2ΣIWJWT + 1
4
D¯2
(
ΦTD
αV IWJα + ∂V IDαV JWTα
)}
+ h.c.
]
+
∫
d4θ 2fIJΦT
{
V I
(
4PT + ∂∂¯
)
V J + 2(∂¯V I − Σ¯I)(∂V J − ΣJ)} . (2.8)
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For later convenience, we rewrite this Lagrangian as
LVT =
∫
d4θ fIJ
[{
−2ΣIDαV JWTα + 1
2
(
∂V IDαV J − ∂DαV IV J)WTα + h.c.
}
+ΦT
{
DαV IWJα + D¯α˙V IW¯Jα˙ + V IDαWJα
+4(∂¯V I − Σ¯I)(∂V J − ΣJ )− 2∂¯V I∂V J}] , (2.9)
where we have dropped total derivatives and used the first constraint in (2.6). As we have
shown in Ref. [30], this Lagrangian is invariant under the gauge transformation (2.5) 4
up to total derivatives, and reduces to (2.2) in the limit of ΦT = 1 and WTα = 0, which
corresponds to the case where the tensor multiplet is absent.
The superfields ΦT and WTα are expressed as
ΦT = −2iDαD¯2Yα + 2iD¯α˙D2Y¯ α˙,
WTα = iD¯2
(
DαX¯ + 4∂¯Yα
)
, (2.10)
where X and Yα are complex superfields that are related through
D¯2 (DαX + 4∂Yα) = 0. (2.11)
This relation indicates that Yα cannot be a general superfield. The first constraint in (2.6)
is automatically satisfied if (2.11) is satisfied. Thus, independent constraints are (2.11) and
the second constraint in (2.6). Note that ΦT and WTα are the field strength superfields of
the “gauge potentials” X and Yα, and are invariant under
X → X + ∂VG − ΣG, Yα → Yα − 1
4
DαVG, (2.12)
where the transformation parameters VG and ΣG are N = 1 real vector and chiral super-
fields, and form a 6D vector multiplet. The transformation (2.12) is the SUSY extension
of the gauge transformation: B+MN → B+MN + ∂MλN − ∂NλM (λM : real transformation
parameter).
Here we decompose X as
X = s−1X4 − sX5, (2.13)
where X4 and X5 are real superfields. Then the second equation in (2.10) and (2.11) are
rewritten as
WTα = D¯2
{
s−1DαX4 + sDαX5 + 4
(
s−1∂4 + s∂5
)
Yα
}
, (2.14)
4 The tensor multiplet (ΦT ,WTα) is invariant under the gauge transformation.
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and
D¯2
(
s−1DαX4 − sDαX5 + 4∂Yα
)
= 0. (2.15)
Using the constraint (2.15), WTα is also expressed as
WTα = 2s−1D¯2 (DαX4 + 4∂4Yα) = s−1W4α + 8s−1∂4D¯2Yα
= 2sD¯2 (DαX5 + 4∂5Yα) = sW5α + 8s∂5D¯2Yα, (2.16)
where
W4α ≡ 2D¯2DαX4, W5α ≡ 2D¯2DαX5. (2.17)
Thus, the tensor multiplet T is described by two constrained superfields X4 (or X5) and
Yα.
2.2 Components of superfields
Each N = 1 superfield has the following components. Here we focus on the bosonic fields,
for simplicity.
Hyperscalars (A2A−1i ,A2Ai ) in HA, where i = 1, 2 is an SU(2)U-doublet-index,5 are
embedded into H2A−1 and H2A as
H2A−1 = A2A−12 +O(θ), H2A = A2A2 +O(θ). (2.18)
A 6D vector field AIM in V
I is embedded into V I and ΣI as
V I = −(θσµθ¯)Aµ +O(θ3), ΣI =
(
s−1A4 − sA5
)
+O(θ). (2.19)
A 6D tensor field B+MN and its scalar partner σ in T are embedded into ΦT and WTα
as
ΦT = σ + (θσ
µθ¯)ǫµνρλ∂
νB+ρλ − 1
4
θ2θ¯24σ + · · · ,
WTα = θα∂¯σ + (σµνθ)α
(
∂¯B+µν + ∂µCν − ∂νCµ
)
+ · · · , (2.20)
where Cµ ≡ −i
(
s−1B+µ4 + sB
+
µ5
)
, and B+MN satisfies the self-dual condition:
ǫµνρλ∂
νB+ρλ = −2{∂µB+45 − Im (∂Cµ)} ,
∂¯B+µν + ∂µCν − ∂νCµ =
i
2
ǫµνρλ
(
∂¯B+ρλ + ∂ρCλ − ∂λCρ) . (2.21)
5 SU(2)
U
is an automorphism of 6D superconformal algebra (see Appendix A).
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The expressions in (2.20) are realized when X and Yα have the following components:
X =
1
4
(θσµθ¯)C¯µ − 1
8
θ2θ¯2
(
B+45 +
i
2
σ
)
+ · · · ,
Yα =
1
16
θαθ¯
2
(
B+45 +
i
2
σ
)
+
i
16
(σµνθ)αθ¯
2B+µν + · · · . (2.22)
where C¯µ = s
−1B+µ4 − sB+µ5. The B+45-dependence is determined from the transformation
property under (2.12).
3 Extension to 6D SUGRA
Now we extend the action in the previous section to the local SUSY case. Since we are
interested in the moduli-dependence of the action, we focus on e nm (m,n = 4, 5) among
the sechsbein e NM , and treat the other components as a background,
6 i.e., e νµ = δ
ν
µ and
e nµ = e
ν
m = 0. Therefore, we do not discriminate the curved index µ from the flat index µ
for the 4D part in the following.
3.1 Moduli superfields
First we identify theN = 1 superfields constructed from the extra-dimensional components
of the 6D Weyl multiplet E = (e
N
M ,Ψ
i
Mα, V
ij
M , · · · ) (see Appendix B.). Notice that if
a complex scalar A is the lowest component of a chiral superfield, it transforms under
consecutive SUSY transformations as
δǫδηA = 2i(ησµǫ¯)∂µA+ · · · , (3.1)
and if a real scalar φ is the lowest component of a real general superfield, it transforms as
δǫδηφ = i(ησ
µǫ¯− ǫσµη¯)∂µφ+ · · · , (3.2)
where the 2-component spinors ǫα and ηα are the transformation parameters, and the
ellipses denote terms involving other fields. In order to identify combinations of e nm that
belong to N = 1 superfields, we focus on the N = 1 SUSY transformations at linearized
level in the fluctuations e˜ nm . Then, from (B.1), we obtain
δǫδηu =
1
2〈e(2)〉(ησ
µǫ¯)〈M〉∂µu+ c.c. + · · · , (3.3)
6 The fluctuation modes of the 4D gravity multiplet can be easily taken into account by promoting the
d4θ- and d2θ-integrals to the D-term and the F-term action formulae [36], respectively, in the supercon-
formal formulation of 4D SUGRA [37, 38, 39].
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where e(2) ≡ det(e nm ) = e 44 e 55 − e 54 e 45 and u ≡ (e˜ 44 , e˜ 54 , e˜ 45 , e˜ 55 )t. The matrix M is
defined as
M≡


M11 M12 −E4e 44 −E4e 54
−iM11 −iM12 iE4e 44 iE4e 54
E5e
4
5 E5e
5
5 M33 M34
−iE5e 45 −iE5e 55 −iM33 −iM34

 , (3.4)
where Em ≡ e 4m + ie 5m , and
M11 ≡ 2E5e 44 − E4e 45 , M12 ≡ 2E5e 54 −E4e 55 ,
M33 ≡ E5e 44 − 2E4e 45 , M34 ≡ E5e 54 − 2E4e 55 . (3.5)
There are three eigenvectors va (a = ±, 0) that satisfy va〈M〉 = λava and va〈M〉∗ = λ′ava
simultaneously (λa, λ
′
a: eigenvalues).
(λ−, λ
′
−) = (0,−4i〈e(2)〉) : v− =
(〈E¯5〉,−i〈E¯5〉,−〈E¯4〉, i〈E¯4〉) ,
(λ0, λ
′
0) = (2i〈e(2)〉,−2i〈e(2)〉) : v0 =
(
〈e 55 〉,−〈e 45 〉,−〈e 54 〉, 〈e 44 〉
)
,
(λ+, λ
′
+) = (4i〈e(2)〉, 0) : v+ = (〈E5〉, i〈E5〉,−〈E4〉,−i〈E4〉) . (3.6)
Thus, we obtain
δǫδη(v− · u) = −2i(ǫσµη¯)∂µ(v− · u) + · · · ,
δǫδη(v0 · u) = i(ησµǫ¯− ǫσµη¯)∂µ(v0 · u) + · · · ,
δǫδη(v+ · u) = 2i(ησµǫ¯)∂µ(v+ · u) + · · · . (3.7)
Therefore, we infer that v+ · u = 〈E5〉E˜4 − 〈E4〉E˜5 is the lowest component of a chiral
superfield, and v0 · u = 〈e 55 〉e˜ 44 − 〈e 45 〉e˜ 54 − 〈e 54 〉e˜ 45 + 〈e 44 〉e˜ 55 is the lowest component of
a real general superfield.7 Note that v+ · u and v0 · u are the linear parts of E4/E5 and e(2)
in the fluctuations, respectively. In fact, we can show that
(δǫδη − δηδǫ)E4
E5
= 2i (ησµǫ¯− ǫσµη¯) ∂µ
(
E4
E5
)
,
(δǫδη − δηδǫ)e(2) = 2i (ησµǫ¯− ǫσµη¯) ∂µe(2), (3.8)
at the full order in the fluctuation. Thus the correct SUSY algebra is realized on them, and
they can be the components of the superfields. Namely, we find that the extra-dimensional
7 v− · u = (v+ · u)∗ is the lowest component of an anti-chiral superfield.
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components of the 6D Weyl multiplet E form a chiral superfield,8
SE =
√
E4
E5
+O(θ), (3.9)
and a real general superfield,
VE = e
(2) +O(θ). (3.10)
In the superconformal formulation of 4D SUGRA [36]-[39], each superconformal multiplet
is characterized by the Weyl weight w and the chiral weight n, which are the charges of
the dilatation and the automorphism U(1)A of the superconformal algebra, respectively.
From (A.6), we can see that Em (m = 4, 5) have (w, n) = (−1,−1). Thus, noting that
e(2) = Im (E¯4E5), we find that SE and VE have (w, n) = (0, 0) and (−2, 0), respectively.
This is consistent with the fact that they are a chiral and a real general superfields [36].
From their forms of the lowest components, we can see that VE and SE correspond to the
“volume” and the “shape” of the compact space.
In the following, we identify how these superfields appear in the 6D SUGRA action. We
construct the action in such a way that it is reduced to the global SUSY one if the moduli
superfields VE and SE are replaced with constant values 1 and s = e
−pi
4
i, respectively.
These values correspond to the background values of the case that 〈e 44 〉 = 〈e 55 〉 = 1 and
〈e 54 〉 = 〈e 45 〉 = 0.
3.2 Hypermultiplet sector
Here we extend LH in (2.2) to the SUGRA version. In this case, we need to introduce the
nC compensator hypermultiplets in addition to the nP physical ones. Thus, besides the
dependence on SE and VE , the Lagrangian in this sector is written as
LH = −
∫
d4θ 2
(
H†oddd˜e
VHodd +H
†
evend˜e
−VHeven
)
+
[∫
d2θ
{
H toddd˜ (∂ − Σ)Heven −H tevend˜(∂ + Σ)Hodd
}
+ h.c.
]
, (3.11)
where d˜ = diag(1nC ,−1nP ) is the metric for the space spanned by the hyperscalars, and
discriminates the compensators from the physical ones.
Now we consider the moduli dependence of the Lagrangian. Since VE cannot appear
in the chiral superspace, Hodd and Heven must have w = n = 3/2. However, the 6D
8 When E4/E5 is the lowest component of a chiral superfield, so is (E4/E5)
p (p : real number). We
choose p = 1/2 just for convenience.
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hyperscalars A2A−1i and A2Ai have w = n = 2. Hence the component identification in
(2.18) must be modified. Since we have to keep the condition w = n for a chiral superfield,
we need to adjust the weights by using Em = e
4
m + ie
5
m (m = 4, 5) that has w = n = −1.
We find that (2.18) should be modified as
H2A−1 = Ep4E
1/2−p
5 A2A−12 +O(θ),
H2A = Eq4E
1/2−q
5 A2A2 +O(θ), (3.12)
where p and q are arbitrary real numbers. We can always set p = q = 1/4 by redefining
the above chiral superfields as S
1/2−2p
E H
2A−1 → H2A−1 and S1/2−2qE H2A → H2A. Hence, in
the following, we identify the lowest components of these chiral superfields as
H2A−1 = (E4E5)
1/4A2A−12 +O(θ),
H2A = (E4E5)
1/4A2A2 +O(θ). (3.13)
Next we promote the derivative ∂ to the SUGRA version ∂E that depends on SE .
(This is independent of VE because it cannot appear in the chiral superspace.) In order
to reproduce the correct 6D kinetic terms for the hyperscalars after eliminating the F-
terms of Hodd,even, the lowest component of ∂E should be proportional to ∂4 + i∂5 because
|(∂4 + i∂5)A|2 = ∂mA†∂mA. Since
∂4 + i∂5 = −i
√
E4E5
e(2)
(√
E5
E4
∂4 −
√
E4
E5
∂5
)
, (3.14)
we define ∂E as
∂E ≡ 1
SE
∂4 − SE∂5. (3.15)
Then, its lowest component is
∂E | = ie
(2)
√
E4E5
(∂4 + i∂5) . (3.16)
Here and hereafter, the symbol | denotes the lowest component of a superfield. This
promoted derivative ∂E is certainly reduced to the global SUSY one ∂ if we replace SE
with its background value s.
From the counting of the Weyl and chiral weights, (3.11) should be modified as
LH = −
∫
d4θ 2V
1/2
E UE(SE, S¯E)
(
H†oddd˜e
VHodd +H
†
evend˜e
−VHeven
)
+
[∫
d2θ
{
H toddd˜ (∂E − Σ)Heven −H tevend˜ (∂E + Σ)Hodd
}
+ h.c.
]
, (3.17)
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where UE(SE, S¯E) is a real function. From (3.9), (3.10) and (3.13), the lowest component
of the integrand in the d4θ-integral is read off as
C ≡ V 1/2E UE(SE, S¯E)
(
H†oddd˜e
VHodd +H
†
evend˜e
−VHeven
)∣∣∣
=
√
e(2)UE

√E4
E5
,
√
E¯4
E¯5

 · ∣∣(E4E5)1/4∣∣2 (A†oddd˜Aodd +A†evend˜Aeven) , (3.18)
where Aodd and Aeven are column vectors that consist of A2A−12 and A2A2 , respectively.
Note that C appears in front of the Ricci scalar when the d4θ-integral is promoted to the
D-term action formula [36]. From the component expression of 6D SUGRA [27], on the
other hand, the coefficient of the Ricci scalar should be e(2)
(
A†oddd˜Aodd +A†evend˜Aeven
)
.9
Thus the function UE | is determined as
U2E | =
e(2)
|E4E5| = −
i
2 |E4E5|
(
E¯4E5 −E4E¯5
)
= − i
2


√
E¯4E5
E4E¯5
−
√
E¯5E4
E5E¯4

 = Im S¯E
SE
∣∣∣∣ . (3.19)
Therefore, we obtain
UE(SE, S¯E) =
(
Im
S¯E
SE
)1/2
. (3.20)
In fact, substituting (3.20) into (3.17) and eliminating the F-terms of Hodd,even, we obtain
the correct kinetic terms.
LH = 2e(2)
{
∂MA†oddd˜∂MAodd + ∂MA†evend˜∂MAeven
}
+ · · · . (3.21)
Correspondingly to the promotion: ∂ → ∂E , (2.19) is also modified as
V = −(θσµθ¯)Aµ +O(θ3),
Σ =
(√
E5
E4
A4 −
√
E4
E5
A5
)
+O(θ)
=
ie(2)√
E4E5
(A4 + iA5) +O(θ). (3.22)
9 Note that det(e
N
M ) = e
(2) under our assumption.
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3.3 Vector-tensor sector
Next we consider the vector-tensor sector. The definition of the tensor (field-strength)
superfield ΦT is unchanged from (2.10),
ΦT ≡ −2iDαD¯2Yα + 2iD¯α˙D2Y¯ α˙, (3.23)
while that of WTα is now modified from (2.14) as
WTα ≡ D¯2
(
1
SE
DαX4 + SEDαX5 + 4SEOEYα
)
, (3.24)
where X4 and X5 are real superfields, and
OE ≡ 1
S2E
∂4 + ∂5. (3.25)
The constraint (2.15) is promoted to the SUGRA version:
D¯2
(
1
SE
DαX4 − SEDαX5 + 4∂EYα
)
= 0. (3.26)
Under this constraint, WTα can be rewritten as
WTα = 1
SE
W4α + 8
SE
∂4D¯
2Yα
= SEW5α + 8SE∂5D¯2Yα, (3.27)
which is the SUGRA version of (2.16). The field strength superfields W4α and W5α are
defined as (2.17). The superfields ΦT , WTα and the constraint (3.26) are invariant under
the gauge transformation:
δX4 = ∂4VG − Re (SEΣG), δX5 = ∂5VG + Re
(
ΣG
SE
)
,
δYα = −1
4
DαVG, (3.28)
where the transformation parameters VG and ΣG are a real and a chiral superfields that
form a 6D vector multiplet. From the expressions in (3.23) and (3.27), we can show that
Dα
(
U2EWTα
)
= −2∂¯EΦT + iD¯α˙S¯E
S¯E
W¯ α˙T , (3.29)
which is the SUGRA extension of the first constraint in (2.6). From the gauge invariance
of the action, the second constraint in (2.6) should be modified as
D¯2Dα(VEΦT ) = −4 {∂EWTα − (OESE)WTα} . (3.30)
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(See Sec. 4.1.) The bosonic components of X4, X5 and Yα are given by
X4 =
1
4
(θσµθ¯)Bµ4 + · · · , X5 = 1
4
(θσµθ¯)Bµ5 + · · · ,
Yα =
1
16
θαθ¯
2
(
B45 +
i
2
σ
)
+
i
16
(σµνθ)αθ¯
2Bµν + · · · , (3.31)
where BMN is an unconstrained tensor field.
As explained in Appendix C, the constraint (3.26) can be satisfied for arbitrary uncon-
strained superfields Yα and X4 by adjusting SE and X5. This indicates that the latter two
superfields are not independent. In fact, we can express the action without X5 by adopting
the first equation in (3.27) as the definition of WTα. This reflects the fact that X5 can be
gauged away by (3.28). Of course, we can choose Yα and X5 as independent superfields.
Now we promote LVT in (2.9) to SUGRA by replacing ∂ with ∂E and inserting VE to
match the Weyl weight of the integrand to 2, and obtain
LVT =
∫
d4θ fIJ
[{
−2ΣIDαV JWTα + 1
2
(
∂EV
IDαV J − ∂EDαV IV J
)WTα + h.c.
}
+ΦTVE
(
DαV IWIα + D¯α˙V IW¯Jα˙ + V IDαWJα
)
+
ΦT
U2E
{
4(∂¯EV
I − Σ¯I)(∂EV J − ΣJ)− 2∂¯EV I∂EV J
}]
. (3.32)
The factor U−2E is necessary in order to obtain the correct component expression of the
Lagrangian. Note that the third line in (3.32) provides the extra-dimensional components
of the kinetic terms for the 6D vector fields. The lowest component of U−2E cancels the
unwanted factor in (3.16).
In order for the Lagrangian to be gauge-invariant, we need to add the following terms
to (3.32). (See Sec. 4.1.)
L(SG)Σ2 =
∫
d4θ 2fIJ
ΦT
U2E
(
SE
S¯E
ΣIΣJ +
S¯E
SE
Σ¯IΣ¯J
)
. (3.33)
Note that this vanishes if VE and SE are replaced with their background values.
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3.4 6D SUGRA action
In summary, the 6D SUGRA action is expressed as
S(SG) =
∫
d6x
(
L(SG)H + L(SG)VT
)
,
L(SG)H = −
∫
d4θ 2V
1/2
E UE(SE , S¯E)
(
H†oddd˜e
VHodd +H
†
evend˜e
−VHeven
)
+
[∫
d2θ
{
H toddd˜ (∂E − Σ)Heven −H tevend˜ (∂E + Σ)Hodd
}
+ h.c.
]
,
L(SG)VT =
∫
d4θ fIJ
[{
−2ΣIDαV JWTα + 1
2
(
∂EV
IDαV J − ∂EDαV IV J
)WTα + h.c.
}
+ΦTVE
(
DαV IWJα + D¯α˙V IW¯Jα˙ + V IDαWJα
)
+
ΦT
U2E
{
4(∂¯EV
I − Σ¯I)(∂EV J − ΣJ )− 2∂¯EV I∂EV J
+
2SE
S¯E
ΣIΣJ +
2S¯E
SE
Σ¯IΣ¯J
}]
. (3.34)
This certainly reproduces the global SUSY action in the previous section when VE = 1 and
SE = s.
Here we comment on the constraints (3.26) and (3.30). They can be released by intro-
ducing the following terms.
L(SG)LM =
∫
d4θ iZ˜αD¯2
(
1
SE
DαX4 − SEDαX5 + 4∂EYα
)
+
∫
d4θ 2iY˜ α
[
D¯2Dα(VEΦT ) + 4 {∂EWTα − (OESE)WTα}
]
+ h.c., (3.35)
where the Lagrange multipliers Z˜α and Y˜ α are unconstrained superfields.10 These terms
can be rewritten as
L(SG)LM =
∫
d4θ i
{
DαD¯2(SEZ˜α)− D¯α˙D2(S¯E ¯˜Z α˙)
}
X5
+
∫
d4θ
{
i(SEZ˜
α)
(
1
2S2E
W4α + 4
SE
∂ED¯
2Yα
)
+ h.c.
}
+
∫
d4θ
{
VEΦT Φ˜T − 8i∂EY˜ αWTα + 8i∂¯E ¯˜Yα˙W¯ α˙T
}
, (3.36)
where Φ˜T ≡ −2iDαD¯2Y˜α + 2iD¯α˙D2 ¯˜Y α˙. We have dropped total derivatives. If we adopt
the first equation in (3.27) as the definition of WTα, a real superfield X5 only appears in
10 If we identify Y˜α as a superfield coming from another 6D tensor multiplet, we can understand the
second line of (3.35) as the N = 1 superfield description of (3.53) of Ref. [29], which is described in the
projective superspace.
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the first line of (3.36) and thus is regarded as a Lagrange multiplier. Then its equation of
motion provides
DαD¯2(SEZ˜α) = D¯α˙D
2(S¯E
¯˜Z α˙), (3.37)
which is understood as the Bianchi identity. Thus, this can be solved as
SEZ˜α =
1
2
DαVZ , (3.38)
where VZ is a real superfield. Therefore, (3.36) is rewritten as
L(SG)LM =
[∫
d2θ
{
i
4S2E
WZW4 + 2i
SE
(
WαZ∂ED¯2Yα +Wα4 ∂ED¯2Y˜α
)
+
16i
SE
∂ED¯
2Y˜ α∂4D¯
2Yα
}
+ h.c.
]
+
∫
d4θ VEΦT Φ˜T , (3.39)
where WZα ≡ −14D¯2DαVZ . Note that all the superfields are now unconstrained in this
expression. Needless to say, we can choose X4 instead of X5 as the Lagrange multiplier,
and adopt the second equation in (3.27) as the definition of WTα.
4 Consistency checks
In this section, we show that our result (3.34) is gauge-invariant, and is reduced to the
known superfield expression of 5D SUGRA after the dimensional reduction.
4.1 Gauge invariance
The (super)gauge transformation is given by
VE → VE , SE → SE,
Hodd → e−ΛHodd, Heven → eΛHeven,
V I → V I + ΛI + Λ¯I , ΣI → ΣI + ∂EΛI ,
Yα → Yα, X4 → X4, X5 → X5. (4.1)
Under this transformation, L(SG)H is manifestly invariant, while the invariance of the re-
maining part L(SG)VT is quite nontrivial because it is invariant only up to total derivatives.
In the following, we neglect total derivative terms. Note that the following formulae hold.
(∂EA)B = −A∂EB + (OESE)AB,
Dα∂EA = ∂ED
αA− (DαSE)OEA. (4.2)
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The variation of L(SG)VT is
δL(SG)VT =
∫
d4θ fIJ
[{−2∂EΛIDαV JWTα − 2ΣIDαΛJWTα
+
1
2
{
∂E
(
ΛI + Λ¯I
)
DαV J + ∂EV
IDαΛJ − ∂EDαΛIV J
−∂EDαV I
(
ΛJ + Λ¯J
)}WTα + h.c.}
+ΦTVE
{
DαΛIWJα + D¯α˙Λ¯IW¯Jα˙ +
(
ΛI + Λ¯I
)
DαWJα
}
+
ΦT
U2E
{
4∂¯EΛ
I
(
∂EV
J − ΣJ)+ 4 (∂¯EV I − Σ¯I) ∂EΛ¯J
−2∂¯E
(
ΛI + Λ¯I
)
∂EV
J − 2∂¯EV I∂E
(
ΛJ + Λ¯J
)
+
4SE
S¯E
∂EΛ
IΣJ +
4S¯E
SE
∂¯EΛ¯
IΣ¯J
}]
=
∫
d4θ fIJ
[
1
2
{
∂E
(−3ΛI + Λ¯I)DαV J +DαΛI∂EV J
−∂EDαΛIV J −
(
ΛI + Λ¯I
)
∂ED
αV J
}WTα
+ΦTVE
(
DαΛIWJα + ΛIDαWJα
)
+
2ΦT
U2E
∂¯E
(
ΛI − Λ¯I) ∂EV J + h.c.
]
. (4.3)
At the second equality, we have used the following equation:∫
d4θ
ΦT
U2E
S¯E
SE
∂EΛ
IΣJ =
∫
d4θ
ΦT
U2E
S¯E
SE
(
1
SE
∂4 − SE∂5
)
ΛIΣJ
=
∫
d4θ
ΦT
U2E
{(
2iU2E +
SE
S¯E
)
1
SE
∂4Λ
I − S¯E∂5ΛI
}
ΣJ
=
∫
d4θ ΦT ∂¯EΛ
IΣJ . (4.4)
The last equality holds because of the property of ΦT as a linear superfield. By means of
(4.2), we can show that
1
2
{
∂E
(−3ΛI + Λ¯I)DαV J +DαΛI∂EV J − ∂EDαΛIV J − (ΛI + Λ¯I) ∂EDαV J}
=
1
2
{
∂ED
α
(
Λ¯I − ΛI)V J + ∂E (Λ¯I − ΛI)DαV J
−Dα (Λ¯I − ΛI) ∂EV J − (Λ¯I − ΛI) ∂EDαV J}− ∂EΛIDαV J − ΛI∂EDαV J
=
1
2
Dα
{
∂E
(
Λ¯I − ΛI)V J − (Λ¯I − ΛI) ∂EV J}
+
DαSE
2
{OE (Λ¯I − ΛI)V J − (Λ¯I − ΛI)OEV J}− ∂E (ΛIDαV J) . (4.5)
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Thus (4.3) is rewritten as
δL(SG)VT =
∫
d4θ fIJ
[
1
2
Dα
{
∂E
(
Λ¯I − ΛI)V J − (Λ¯I − ΛI) ∂EV J}WTα
+
DαSE
2
{OE (Λ¯I − ΛI)V J − (Λ¯I − ΛI)OEV J}WTα
−∂E
(
ΛIDαV J
)WTα + VEΦTDα (ΛIWJα)
+
2ΦT
U2E
∂¯E
(
ΛI − Λ¯I) ∂EV J + h.c.
]
=
∫
d4θ fIJ
[
1
2
{
∂E
(
ΛI − Λ¯I)V J − (ΛI − Λ¯I) ∂EV J}DαWTα
−D
αSE
2
{OE (ΛI − Λ¯I)V J − (ΛI − Λ¯I)OαEV J}WTα
+
2ΦT
U2E
∂¯E
(
ΛI − Λ¯I) ∂EV J + h.c.
]
. (4.6)
At the second equality, we have used that
−∂E
(
ΛIDαV J
)WTα + VEΦTDα (ΛIWJα)
= ΛIDαV J {∂EWTα − (OESE)WTα} −Dα (VEΦT ) ΛIWJα
=
1
4
ΛIDαV J
{
D¯2Dα(VEΦT ) + 4 (∂EWTα − (OESE)WTα)
}
= 0, (4.7)
where (3.30) is used at the last step.
Using (3.27), we find that
1
2
∂E
(
ΛI − Λ¯I)V JDαWTα + h.c.
=
1
2SE
∂4
(
ΛI − Λ¯I)V JDα {SE (W5α + 8∂5D¯2Yα)}
−SE
2
∂5
(
ΛI − Λ¯I)V JDα{ 1
SE
(W4α + 8∂4D¯2Yα)
}
+ h.c.
=
DαSE
2
OE
(
ΛI − Λ¯I) V JWTα
+
1
2
∂4
(
ΛI − Λ¯I) V JDα (W5α + 8∂5D¯2Yα)
−1
2
∂5
(
ΛI − Λ¯I)V JDα (W4α + 8∂4D¯2Yα)+ h.c.
=
{
DαSE
2
OE
(
ΛI − Λ¯I)V JWTα + h.c.
}
+2i∂4
(
ΛI − Λ¯I)V J∂5ΦT + 2i∂5 (ΛI − Λ¯I) V J∂4ΦT . (4.8)
Similarly, we obtain
− 1
2
(
ΛI − Λ¯I) ∂EV JDαWTα + h.c. =
{
−D
αSE
2
(
ΛI − Λ¯I)OEV JWTα + h.c.
}
−2i (ΛI − Λ¯I) {∂4V ∂5ΦT − ∂5V ∂4ΦT } . (4.9)
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Furthermore, we can see that
2ΦT
U2E
ΦT ∂¯E
(
ΛI − Λ¯I) ∂EV J + h.c.
= 4iΦT
{(
ΛI − Λ¯I) ∂5V J − ∂5 (ΛI − Λ¯I) ∂4V J} . (4.10)
By means of these equations, we find that
δL(SG)VT =
∫
d4θ fIJ
[
2iV I
{
∂4
(
ΛJ − Λ¯J) ∂5ΦT − ∂5 (ΛJ − Λ¯J) ∂4ΦT}
−2i (ΛI − Λ¯I) (∂4V J∂5ΦT − ∂5V J∂4ΦT )
+4iΦT
{
∂4
(
ΛI − Λ¯I) ∂5V J − ∂5 (ΛI − Λ¯I) ∂4V J}]
=
∫
d4θ fIJ
[−2iΦT {∂5V I∂4 (ΛJ − Λ¯J)− ∂4V I∂5 (ΛJ − Λ¯J)}
+2iΦT
{
∂5
(
ΛI − Λ¯I) ∂4V J − ∂4 (ΛI − Λ¯I) ∂5V J}
+4iΦT
{
∂4
(
ΛI − Λ¯I) ∂5V J − ∂5 (ΛI − Λ¯I) ∂4V J}]
= 0. (4.11)
Namely, the 6D SUGRA action (3.34) is gauge-invariant.
4.2 Dimensional reduction to 5D
Here we show that the our result (3.34) reproduces the known 5D SUGRA action after the
dimensional reduction. We drop the x5-dependence of the superfields in (3.34).11 Then the
differential operators become
∂E → 1
SE
∂4, OE → 1
S2E
∂4. (4.12)
Hence the hyper-sector Lagrangian L(SG)H in (3.34) becomes
L(5D)H = −
∫
d4θ 2V
1/2
E UE
{
H†oddd˜e
VHodd +H
†
evend˜e
−VHeven
}
+
[∫
d2θ
{
H toddd˜
(
1
SE
∂4 − Σ
)
Heven −H tevend˜
(
1
SE
∂4 + Σ
)
Hodd
}
+ h.c.
]
= −
∫
d4θ 2VˆE
{
Hˆ†oddd˜e
V Hˆodd + Hˆ
†
evend˜e
−V Hˆeven
}
+
[∫
d2θ
{
Hˆ toddd˜
(
∂4 − Σˆ
)
Hˆeven − Hˆ tevend˜
(
∂4 + Σˆ
)
Hˆodd
}
+ h.c.
]
, (4.13)
11 The case that the x4-dependence is dropped is essentially the same.
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where
VˆE ≡ V 1/2E UE |SE | , ΣˆI ≡ SEΣI ,
Hˆodd ≡ S−1/2E Hodd, Hˆeven ≡ S−1/2E Heven. (4.14)
Next we consider the vector-tensor sector Lagrangian L(SG)VT . From (3.27),WTα becomes
WTα → SEW5α. (4.15)
Then, L(SG)VT becomes
L(5D)VT =
∫
d4θ fIJ
[{
−2ΣIDαV JSEW5α + 1
2
(
∂4V
IDαV J − ∂4DαV IV J
)W5α + h.c.
}
+ΦTVE
(
DαV IWJα + D¯α˙V IW¯Jα˙ + V IDαWJα
)
+
ΦT
U2E |SE|2
{
4
(
∂4V
I − S¯EΣ¯I
) (
∂4 − SEΣJ
)− 2∂4V I∂4V J
+2S2EΣ
IΣJ + 2S¯2EΣ¯
IΣ¯J
}]
=
∫
d4θ fIJ
[{
−2ΣˆIDαV JW5α + 1
2
(
∂4V
IDαV J − ∂4DαV IV J
)W5α + h.c.
}
+VEΦT
(
DαV IWJα + D¯α˙V IW¯Jα˙ + V IDαWJα
)
+
2VEΦT
Vˆ 2E
{
∂4V
I∂4V
J − 2∂4V I
(
ΣˆJ +
¯ˆ
ΣJ
)
+ 2
¯ˆ
ΣIΣˆJ
+ΣˆIΣˆJ +
¯ˆ
ΣI
¯ˆ
ΣJ
}]
, (4.16)
where we have used (4.14). Here, note that the constraint (3.30) is now
D¯2Dα(VEΦT ) = − 4
SE
{∂4(SEW5α)− ∂4SEW5α}
= −4∂4W5α = −8∂4D¯2DαX5. (4.17)
This can be solved as
VEΦT = ∂4V5 − Σ5 − Σ¯5, (4.18)
where V5 ≡ −8X5,12 and Σ5 is a chiral superfield. Substituting this into (4.16), we obtain
L(5D)VT =
∫
d4θ fIJ
[{
−2ΣˆIDαV JW5α + 1
2
(
∂4V
IDαV J − ∂4DαV IV J
)W5α + h.c.
}
+
(
∂4V5 − Σ5 − Σ¯5
) (
DαV IWJα + D¯α˙V IW¯Jα˙ + V IDαWJα
)
+
2
(
∂4V5 − Σ5 − Σ¯5
)
Vˆ 2E
(
∂4V
I − ΣˆI − ¯ˆΣI
)(
∂4V
J − ΣˆJ − ¯ˆΣJ
)]
. (4.19)
12 Thus, W5α is expressed as W5α = − 14D¯2DαV5.
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Notice that the “shape-modulus” superfield SE completely disappears from the Lagrangian
by the field redefinition (4.14).
Since it follows that(
∂4V5 − Σ5 − Σ¯5
) (
DαV IWJα + D¯α˙V IW¯Jα˙ + V IDαWJα
)
= ∂4V5D
αV IWJα +
1
2
∂4V5V
IDαWJα − Σ5
(
DαV IWJα + D¯α˙V IW¯Jα˙ + V IDαWJα
)
+ h.c.
= ∂4V5D
αV IWJα −
1
2
Dα
(
∂4V5V
I
)WJα − Σ5DαV IWJα
+Σ5V
ID¯α˙W¯Jα˙ − Σ5V IDαWJα + h.c.
=
1
2
(
∂4V5D
αV I − ∂4DαV5V I
)WJα − Σ5DαV IWJα + h.c., (4.20)
the above Lagrangian is rewritten as
L(5D)VT =
∫
d4θ fIJ
[{
−2ΣˆIDαV JW5α + 1
2
(
∂4V
IDαV J − ∂4DαV IV J
)W5α
−Σ5DαV IWJα +
1
2
(
∂4V5D
αV I − ∂4DαV5V I
)WJα + h.c.
}
+
2
(
∂4V5 − Σ5 − Σ¯5
)
Vˆ 2E
(
∂4V
I − ΣˆI − ¯ˆΣI
)(
∂4V
J − ΣˆJ − ¯ˆΣJ
)]
.
(4.21)
As shown in Appendix D, we find that
fIJ
{(
∂4V
IDαV J − ∂4DαV IV J
)W5α + (∂4V5DαV I − ∂4DαV5V I)WJα} + h.c.
= 2fIJ
(
∂4V
IDαV5 − ∂4DαV IV5
)WJα + h.c.. (4.22)
By means of this relation, (4.21) is further rewritten as
L(5D)VT =
∫
d4θ fIJ
[{
−2ΣˆIDαV JW5α − Σ5DαV IWJα +
1
3
(
∂4V
IDαV J − ∂4DαV IV J
)W5α
+
1
3
(
∂4V5D
αV I − ∂4DαV5V I
)WJα + 13 (∂4V IDαV5 − ∂4DαV IV5)WJα + h.c.
}
+
2
(
∂4V5 − Σ5 − Σ¯5
)
Vˆ 2E
(
∂4V
I − ΣˆI − ¯ˆΣI
)(
∂4V
J − ΣˆJ − ¯ˆΣJ
)]
. (4.23)
Here we relabel (V5,Σ5) as (V
0,Σ0). Then this Lagrangian is expressed as
L(5D)VT =
[
−
∫
d2θ CIJKΣ
IWJWK + h.c.
]
+
∫
d4θ
CIJK
3
{(
∂4V
IDαV J − ∂4DαV IV J
)WKα + h.c.}
+
∫
d4θ
2CIJK
3
VIVJVK , (4.24)
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where the indices I, J,K now run from 0, the completely symmetric constant tensor CIJK
is defined as CIJ0 = fIJ (I, J 6= 0) and the other components are zero, and
VI ≡ ∂4V I − ΣI − Σ¯I , (4.25)
which is the extra-dimensional component of the field strength superfield.
The 5D Lagrangians (4.13) and (4.24) perfectly agree with the N = 1 superfield de-
scription of 5D SUGRA derived in Refs. [7, 8].
5 Summary
We have found the N = 1 superfield description of 6D SUGRA, and clarified how the
moduli superfields appear in the action. We identified the combinations of the bosonic
component fields that form N = 1 superfields. By acting the SUSY transformations on
them, we can identify the fermionic components of the superfields, which are expected to
have complicated forms. Our result (3.34) reproduces the action in the global SUSY case
by replacing the moduli superfields VE and SE with their constant background values. We
have also shown that it is gauge-invariant both under (3.28) and (4.1), and is consistent
with the known superfield action of 5D SUGRA through the dimensional reduction.
Compared to 5D SUGRA, the existence of the tensor multiplet and the “shape” mod-
ulus SE make the construction of the action complicated. In the global SUSY limit, the
tensor multiplet is described by on-shell superfields that are subject to the constraints in
(2.6). When the theory is promoted to SUGRA, this multiplet becomes off-shell and the
superfields X4 (or X5) and Yα can be treated as unconstrained independent superfields. As
shown in Sec. 4.1, the gauge invariance of the action in the vector-tensor sector is realized in
a quite nontrivial manner because the Lagrangian is invariant only up to total derivatives.
The gauge invariance strictly restricts the SE-dependence of the action. It appears in the
action through ∂E and UE(SE , S¯E) defined in (3.15) and (3.20), respectively. We should
also note that the SE-dependence is absorbed by the field redefinition and completely dis-
appears when one of the extra dimensions is reduced. This is another nontrivial check for
our result.
In this work, we have neglected the fluctuation modes of e νµ , e
n
µ and e
ν
m (µ, ν =
0, 1, 2, 3; m,n = 4, 5). As mentioned in the footnote 6, the fluctuations of e νµ can be taken
into account by using the invariant action formulae in the superconformal formulation of
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4D SUGRA. As for the “off-diagonal” components e nµ and e
ν
m , further effort is necessary.
However, we expect that it is not very difficult to incorporate them at linear order by
means of the linearized SUGRA formulation [40, 41, 42], just like the 5D SUGRA case
discussed in Refs. [6, 10].
Our superfield description is useful to derive 4D effective theories of various 6D SUGRA
models, as we did in the 5D SUGRA case [19, 20, 21]. Especially, we can treat a case
that there exists the background magnetic flux penetrating the compact space or that the
compact space has nonvanishing curvature. An explicit derivation of 4D effective theory
will be discussed in a subsequent paper.
Acknowledgements
H.A., Y.S. and Y.Y. are supported in part by Grant-in-Aid for Young Scientists (B) (No.
25800158), Grant-in-Aid for Scientific Research (C) (No.25400283), and Research Fellow-
ships for Young Scientists (No.26-4236), respectively, which are from Japan Society for the
Promotion of Science.
A 6D and 4D superconformal algebras
The 6D superconformal algebra consists of the translation PA (A = 0, 1, · · · , 5), the local
Lorentz transformation MAB, the dilatation D, the special conformal transformation KA,
the SU(2)
U
automorphism U ij , SUSYQiα and the conformal SUSY S
i
α.
13 Here, α = 1, 2, 3, 4
is the 6D Weyl spinor index, and i = 1, 2 is the SU(2)
U
-doublet index. They satisfy the
following algebra.
[MAB,MCD] = i (ηBCMAD − ηACMBD − ηBDMAC + ηADMBC) ,
[MAB, PC ] = i (ηBCPA − ηACPB) ,
[MAB, KC ] = i (ηBCKA − ηACKB) ,
[MAB, D] = 0, [D,PA] = iPA, [D,KA] = −iKA,
[PA, KB] = 2i (ηABD +MAB) , (A.1)
13 Note that Qiα and S
iα are SU(2)
U
-Majorana-Weyl spinors. We follow the notation of Ref. [30] for
6D spinors.
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and
[
MAB, Q
i
α
]
=
i
2
(
γABQ
i
)
α
,
[
D,Qiα
]
=
i
2
Qiα,[
PA, Q
i
α
]
= 0,
[
KA, Q
i
α
]
= (γAS
i)α,[
MAB, S
iα
]
=
i
2
(
γ˜ABS
i
)α
,
[
D,Siα
]
= − i
2
Siα,[
PA, S
iα
]
=
(
γ˜AQ
i
)α
,
[
KA, S
iα
]
= 0,{
Q1α, Q
2
β
}
= 2
(
γAC−1
)
αβ
PA,{
Qiα, S
jβ
}
= −iǫij
{(
γABC˜−1
) β
α
MAB − 2
(
C˜−1
) β
α
D
}
+ 8
(
C˜−1
) β
α
U ij ,
{
S1α, S2β
}
= 2
(
γ˜AC˜−1
)αβ
KA,[
U ij , Ukl
]
= ǫliUkj − ǫjkU il,[
U ij , Qkα
]
= −ǫjkQiα −
1
2
ǫijQkα,
[
U ij , Skα
]
= −ǫjkSiα − 1
2
ǫijSkα. (A.2)
Here we decompose the 4-component spinors into 2-component ones as
Q1α =
(
Q1α
−Q¯2α˙
)
, Q2α =
(
Q2α
Q¯1α˙
)
,
S1α =
(
S1α
−S¯2α˙
)
, S2α =
(
S2α
S¯1α˙
)
. (A.3)
The SU(2)
U
generators U ij are also expressed as
U ij = ǫjkU
ik =
3∑
a=1
ua(σa)i j . (A.4)
From (A.2), we obtain
[
Mµν , Q
1
α
]
= i
(
σµνQ1
)
α
,
[
Mµν , S
2
α
]
= i
(
σµνS2
)
α
,[
M45, Q
1
α
]
= −1
2
Q1α,
[
M45, S
2
α
]
=
1
2
S2α,[
D,Q1α
]
=
i
2
Q1α,
[
D,S2α
]
= − i
2
S2α,[
Kµ, Q
1
α
]
=
(
σµS¯
2
)
α
,
[
Pµ, S
2
α
]
=
(
σµQ¯
1
)
α
,{
Q1α, Q¯
1
β˙
}
= −2σµ
αβ˙
Pµ,
{
S2α, S¯
2
β˙
}
= −2σµ
αβ˙
Kµ,{
Q1α, S
2β
}
= 2i(σµν) βα Mµν − 2δ βα
(
M45 − 4u3 + iD
)
,[
u3, Q1α
]
= −1
2
Q1α,
[
u3, S2α
]
=
1
2
S1α, (A.5)
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in the 2-component-spinor notation. This is the 4D N = 1 superconformal algebra, and
we can identify the generator of the U(1)A automorphism as
QA =M45 − 4u3. (A.6)
We have normalized QA so that Q1α and S2α have the charges 3/2 and −3/2, respectively.
B SUSY transformation of 6D Weyl multiplet
The 6D Weyl multiplet consists of the sechsbein e NM , the gravitino Ψ
i
Mα, the gauge fields
for the dilatation bM and for the SU(2)U automorphism V
a
M (a = 1, 2, 3), the anti-self-
dual tensor T−MNL, and some auxiliary fields. The SUSY transformations of the (extra-
dimensional-components of) 6D Weyl multiplet [14, 27] are expressed in the 2-component
spinor notation as follows.14
δǫe
4
m = 2
(
ǫ1ψ2m − ǫ2ψ1m
)
+ h.c.,
δǫe
5
m = −2i
(
ǫ1ψ2m − ǫ2ψ1m
)
+ h.c.,
δǫψ
1
m =
{
∂m +
1
2
bm − 1
2
(
ω µνm σµν + iω
45
m
)− iV 3m + e 4m − ie 5m4 (Tµν4 + iTµν5) σµν
}
ǫ1
−i (V 1m − iV 2m) ǫ2
+
{
i
2
(
ω µ4m + iω
µ5
m
)
σµ − e
4
m + ie
5
m
24
ǫµνρλT−µνρσλ + 6T
−
µ45σ
µ
}
ǫ¯2,
δǫψ
2
m =
{
∂m +
1
2
bm − 1
2
(
ω µνm σµν + iω
45
m
)
+ iV 3m +
e 4m − ie 5m
4
(Tµν4 + iTµν5) σ
µν
}
ǫ2
−
{
i
2
(
ω µ4m + iω
µ5
m
)
σµ − e
4
m + ie
5
m
24
(
ǫµνρλT−µνρσλ + 6T
−
µ45σ
µ
)}
ǫ¯1
−i (V 1m + iV 2m) ǫ1,
... (B.1)
where the 2-component spinors ψim (i = 1, 2) are embedded into the 4-component ones as
Ψ1mα =
(
ψ1mα
−ψ¯2α˙m
)
, Ψ2mα =
(
ψ2mα
ψ¯1α˙m
)
, (B.2)
which have positive 6D chiralities. In Sec. 3.1, we focus on a half of the whole SUSY
parameterized by ǫ1α and ǫ¯
1
α˙.
14 Since we neglect the fluctuations of e
ν
µ , e
n
µ and e
ν
m , we do not discriminate the curved indices from
the flat ones for the 4D part.
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C Component expression of constraint (3.26)
Here we express the constraint (3.26) in terms of the component fields, and clarify the
independent degrees of freedom. Note that (3.26) is rewritten as
D¯2 (DαX5 + 4∂5Yα) =
1
S2E
D¯2 (DαX4 + 4∂4Yα) . (C.1)
Since D¯2DαXm (m = 4, 5) are field strength superfields, 4∂mD¯
2Yα are chiral spinor super-
fields and 1/S2E is a chiral scalar superfield, they are expanded as
D¯2DαXm = λmα + θαDm + i(σ
µνθ)αvmµν − iθ2(σµ∂µλ¯m)α,
4∂mD¯
2Yα = ωmα + θαKm + i(σ
µνθ)αKmµν + θ
2τmα,
1
S2E
= a+ θψ + θ2F, (C.2)
where Dm is a real scalar, vmµν ≡ ∂µvmν−∂νvmµ is a field strength, Km is a complex scalar
and Kmµν is a real antisymmetric tensor. Then, we calculate
4∂5D¯
2Yα =
1
S2E
D¯2 (DαX4 + 4∂4Yα)− D¯2DαX5
= a (λ4 + ω4)α − λ5α
+θα
{
a
(
D4 +K4 +
1
2
ψ(λ4 + ω4)
)
−D5
}
+i(σµνθ)α
(
1
2
ǫµνρλC
ρλ
4R + C4Iµν − v5µν
)
+θ2
{
F (λ4 + ω4)α − 1
2
ψα(D4 +K4)− i
2
(σµνψ)α(v4µν +K4µν)
+a
(
τ4 − iσµ∂µλ¯4
)
α
+ i(σµ∂µλ¯5)α
}
, (C.3)
where
C4Rµν ≡ (Re a) (v4µν +K4µν)− Re
{a
2
ψσµν (λ4 + ω4)
}
,
C4Iµν ≡ (Im a) (v4µν +K4µν)− Im
{a
2
ψσµν (λ4 + ω4)
}
. (C.4)
We have used that
(θψ)λ˜α =
1
2
{
(ψλ˜)θα − (ψσµν λ˜)(σµνθ)α
}
,
(C4Rµν + iC4Iµν) (σ
µνθ)α = i
(
1
2
ǫµνρλC
ρλ
4R + C4Iµν
)
(σµνθ)α, (C.5)
where λ˜α ≡ λ4α + ω4α.
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From (C.3), we can see that the constraint (3.26) can be satisfied for a given X4 and
Yα by adjusting X5 and SE . Specifically, for given values of D¯
2DαX4 and 4∂4D¯
2Yα, we
can realize any values for ω5α, K5, K5µν and τ5α in 4∂5D¯
2Yα by tuning λ5α, D5 and a, v5µ
and two real degrees of freedom in ψα, and F and the remaining degrees of freedom in ψα,
respectively.
D Derivation of Eq.(4.22)
Here we derive the relation (4.22). We neglect total derivatives. Then we obtain
A ≡ fIJ
(
∂4V5D
αV I − ∂4DαV5V I
)WJα + h.c.
= −fIJ
(
V5∂4D
αV I −DαV5∂4V I
)WJα +B + h.c., (D.1)
where
B ≡ −fIJ
(
V5D
αV I −DαV5V I
)
∂4WJα . (D.2)
We can show that
B + h.c. =
fIJ
4
D¯2
(
V5D
αV I −DαV5V I
)
∂4DαV
J + h.c.
= fIJWα5 V I∂4DαV J + C + h.c., (D.3)
where
C ≡ fIJ
4
(
D¯2V5D
αV I + 2D¯α˙V5D¯
α˙DαV I + V5D¯
2DαV I
+2D¯α˙D
αV5D¯
α˙V I −DαV5D¯2V I
)
∂4DαV
J . (D.4)
Here, it follows that
C + h.c. = −fIJ
4
Dα
(
D¯2V5DαV
I + 2D¯α˙V5D¯
α˙DαV
I + V5D¯
2DαV
I
+2D¯α˙DαV5D¯
α˙V I −DαV5D¯2V I
)
∂4V
J + h.c.
= −fIJ
4
(
DαD¯2V5DαV
I − 2D¯α˙V5DαD¯α˙DαV I +DαV5D¯2DαV I
+V5D
αD¯2DαV
I + 2DαD¯α˙DαV5DαV
I +DαV5D
αD¯2V I
)
∂4V
J + h.c.
= −fIJ
4
(
D¯2DαV5DαV
I + 4iσµαα˙∂µD¯
α˙V5D
αV I + 2D¯α˙V5D
2D¯α˙V I
−4iσµαα˙D¯α˙V5∂µDαV I + V5DαD¯2DαV I − 2D2D¯α˙V5D¯α˙V I
−4iσµαα˙∂µDαV5D¯α˙V I + 4iσµαα˙DαV5∂µD¯α˙V I
)
∂4V
J + h.c.
= fIJ
(−Wα5DαV I + 2D¯α˙V5W¯Iα˙ + V5DαWIα) ∂4V J + h.c.
= fIJ
[−DαV I∂4V JW5α + {2DαV5∂4V I −Dα (V5∂4V I)}WJα]+ h.c.
= fIJ
{−DαV I∂4V JW5α + (DαV5∂4V I − V5∂4DαV I)WJα} + h.c.. (D.5)
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We have used the commutation relations:
{
Dα, D¯α˙
}
= −2iσµαα˙∂µ,
[
Dα, D¯
2
]
= −4iσµαα˙∂µD¯α˙. (D.6)
Therefore, (D.1) is calculated as
A = −fIJ
(
V5∂4D
αV I −DαV5∂4V I
)WJα + fIJWα5 V I∂4DαV J
−fIJDαV I∂4V JW5α + fIJ
(
DαV5∂4V
I − V5∂4DαV I
)WJα + h.c.
= 2fIJ
(
∂4V
IDαV5 − ∂4DαV IV5
)WJα
−fIJ
(
∂4V
IDαV J − ∂4DαV IV J
)W5α + h.c.. (D.7)
Namely, we obtain
fIJ
{(
∂4V
IDαV J − ∂4DαV IV J
)W5α + (∂4V5DαV I − ∂4DαV5V I)WJα} + h.c.
= 2fIJ
(
∂4V
IDαV5 − ∂4DαV IV5
)WJα + h.c.. (D.8)
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